Offset-dependent characteristics of seismic scattering are useful in the interpretation of fractured reservoirs. Synthetic seismograms generated by a 3-D finite difference modeling are used to study elastic wave propagation and scattering in heterogeneous fraetmed reservoirs. We use two models having different background medium properties and different azimuthal AVO responses and build heterogeneous fracture densit)' realizations through stochastic modeling. Gas-saturated fractured reservoirs and waveforms ill fracture normal and strike directions are considered in this paper. The multiple signal classification (MUSIC) frequency estimator is used in waveform estimation to proYid" frequency domain attributes related to seismic wav" scattering by fractmes. Om l"('sults indicate that the strength of the scattered field increases with increasing fracture scatter density and decreasing correlation length of spatial variations of fracture densit,·. It is also a function of the background medium. The strengt h of the scattering field is stronger in model 1 which has smaller property contrasts in the background medium than model 2. The scattering characteristics for both models are different at the top and the base of the fractured reservoir. Our results show that the scattered field is weak at the top of a fractured reservoir. The first order results are dominated by velocit)' anisotropy of a mean crack density field. However, the base of the fractured reservoir corresponds to a strong scattered field on which fracture heterogeneity has a larger effect.
INTRODUCTION
Statistical representation is used to describe small-scale inhomogeneities in seismological studies (Aki, 1969; Richards and Menke, 1983; Toksiiz and Charrette, 1990) . In past studies, three effects of heterogeneity on scattering in isotropic media have been studied: creation of coda waves (incoherent energy), damping of transmitted waves, and variations in coherent waveform. Additionally, azimuthal AVO response in homogeneous fractured media has been realized and applied to fracture detection in seismic data sets. However, scattering characteristics in heterogeneous fractured media remains, for the most part, unstudied. In this paper, we investigate the scattering characteristics in heterogeneous fractured media by using a high resolution signal estimation technique.
When a seismic wave passes through a heterogeneous medium, it generates coda waves, or incoherent energy (Wu and Aki, 1990) . Because coda waves can be created in a number of different ways and with different frequencies, authors have studied carefully the origin and resulting frequency of coda waves. AId and Chouet (1975) indicate that while low frequency coda waves are dominated by surface waves, higher frequency coda waves are composed primarily of body waves that have been scattered at some depth. Coates and Charrette (1993) show that coda waves in impedance models have a lower frequency range and coda waves in velocity models have a higher and wider frequency range. The numerical results of Richards and Menke (1983) indicate that when scattering dominates over intrinsic friction, the coda of a transmitted wave contains relatively higher frequencies than the initial pulse. Frankel and Clayton (1986) show that the presence of higher frequency seismic coda is a major constraint on the heterogeneity spectrum of the crust. All of these authors conclude that coda waves with high frequency result from wave scattering at inhomogeneities. Not only does scattering by isotropic heterogeneity create coda waves, but also transmitted waves are dampened. By determining the effects of heterogeneity on the phase and amplitudes of coherent waves, Groenenboom and Snieder (1995) characterize parameters of heterogeneities. Because most seismic data sets come from reflected P-waves, we investigate reflected P-waves in this paper. Although most studies of scattering by heterogeneity in isotropic media concentrate on transmitted waves, some studies use P-reflected waves. Richards and Menke (1983) discuss reflected waves in randomly fluctuating models and indicate that a primary reflection can be understood to include all energy that has traveled in the leading pulse of a wave during transmission and has undergone one additional and identifiable reflection. It is difficult to quantify this idea rigorously, since the multiple scattering inherent in the transmission process interacts in too complex a way for a "reflection" to be singled out. Gibson and Levander (1988) use synthetic, 2-D reflected acoustic wave finite difference data sets to illustrate the effect of two mechanisms: irregular surface layer and deep zone of random velocity fluctuation. Levander et al. (1994) note that short-offset shot records demonstrate that a Lewisian upper crust produces scattered waves which significantly disrupt signals reflected from deeper levels. Therefore, the damping of both transmitted and reflected 5-2 ( waves indicates heterogeneity.
Waveform variation, an important parameter in seismic scattering studies, has been noted by several authors. Richards and Menke (1983) observe similar numerical results from two different types of velocity fluctuations. The resulting pulse can be seen losing amplitude and broadening as transmitted waves propagate; this feature increases with the propagation path length. Frankel and Clayton (1986) show that the variation of waveforms across seismic arrays is a useful observation that provides constraints on crustal heterogeneity. They quantified this waveform variation by determining the cross correlation functions from finite difference synthetic seismograms. Thus, as a wave passes through an heterogeneous medium, its frequency and amplitude would be affected by the imhomogeneity. The attributes of waveforms in the frequency domain are important indicators in studying wave scattering.
Research in vertically aligned fractured media has shown that the effect of fractures is a function of both azimuth and incident angle. Using a physical model, Chang and Gardner (1993) find that the magnitude of the reflection amplitude decreases with increasing offset, and the rate of decrease is greatest for acquisition perpendicular to the features. Theoretical studies by Sayers and Rickett (1997) show that for gas-filled open fractures, ZN /ZT = 1 with moderate offset, the effect of fractures only becomes noticeable as the critical angle for the unfractured sandstone is approached. However, for reflections from the base of the fracture unit, the azimuthal AVO response is stronger and more visible at the conventional offset. As pointed out by Sayers and Rickett (1997) , an azimuthal variation in AVO due to fractures in the overburden may be misinterpreted as due to the presence of aligned fractures in the reservoir. Therefore, other attributes correlated to fracture effects are helpful in constraining our interpretation and characterization of fractured reservoirs.
In heterogeneous fractured reservoirs, with fracture density varying spatially, it is expected that fractures have different effects on wave scattering at the top and the base of reservoirs due to different wave propagation paths and transmission processing. Amplitudes can be directly estimated from seismic data or synthetic seismograms. However, higher resolution signal estimation techniques are needed for investigating the fracture effects on the frequency and energy of reflected waves and for a detailed understanding of scattering characteristics in fractured reservoirs. We apply a techniquemultiple signal classification method (MUSIC)-to extract offset-dependent parameters from seismic waveforms in the frequency domain. The term multiple signal classification describes experimental and theoretical techniques involved in determining the parameters of multiple wavefronts arriving at an antenna array. These parameters are based on measurements of signals received at the array elements. The introduction of the MUSIC algorithm (Schmidt, 1979; Bienvenu and Kopp, 1980) , which requires a one-dimensional search, was an attempt to more fully exploit the underlying data model. This method improves the resolution of bearing in passive sonar arrays, multiple emitter location and signal parameter estimation, and sensor array processing (Schmidt, 1979 (Schmidt, , 1986 Johnson and DeGraaf, 1982; Viberg and Ottersten, 1991) . This technique has better resolution 5-3 and better frequency estimation characteristics than spectral techniques such as autoregressive or Prony. MUSIC has received much attention and can provide asymptotically unbiased estimations of signals. The asymptotic properties of MUSIC have been well documented in the literature (e.g., Jeffries and Farrier, 1985; Porat and Friedlander, 1988; Clergeot et al., 1989) . Our processing method has the advantage that it does not need NMO corrections of seismic events since it begins by Fourier transforming each seismic waveform into the frequency domain. Therefore, the errors related to NM0 corrections can be avoided.
In this paper, we introduce the eigenvector based estimation technique, MUSIC, to the waveform estimation of synthetic seismograms which are generated by 3-D finite difference modeling in a frequency-offset domain. The seismograms are reflected from the top and the base of fractured reservoirs. Frequency dependent signal signatures estimated by the frequency estimator are used to study properties of wave propagation through a three-dimensional, heterogeneous fractured medium. By investigating the effects of fracture heterogeneity on reflected P-waves, we seek to explain and understand characteristics of seismic scattering by fractures. The objective of this paper is to make clear which characteristics related to scattering by fractures can be extracted from reflected waves and thus can be used in fracture interpretation.
SIGNAL PARAMETER ESTIMATOR FUNCTION
This method is based on an eigenanalysis of an autocorrelation matrix. It separates information in the autocorrelation matrix into two vector subspaces, one a signal space and the other a noise space. Functions of the vector in either the signal or noise space can be used to create frequency estimators that show frequency locations of spectral peaks (see the appendix). The frequency estimator function can be written as
where (X is the weighting function, V is a eigenvector and S is a signal vector. F(.f) theoretically will have infinite value at the signal frequency f. The estimator error causes the function F(f) to be finite, but with very sharp peaks at the signal frequencies. Note that the frequency estimator is a pseudo spectrum estimator because the autocorrehttioll sequence cannot be recovered by Fourier transforming the frequency estimator. Selecting (Xk = 1 for all k yields the multiple signal classification algorithm (Schmidt. 1986) :
Selecting (Xk = I/A; for all k yields the eigenvector algorithm frequency estimator (Johnson and DeGraaf, 1982) : The background medium has a large effect on azimuthal AVO response in fractured reservoirs. Therefore, it is expected that the background medium is also an important parameter in affecting the strength of the scattering field. Based on the different azimuthal AVO response, we consider two kinds of representative reservoir models in this paper to study seismic scattering by heterogeneous fractures. Modell has strong azimuthal AVO response from both the top and the base of the reservoir. Model 2 has observable azimuthal AVO response only at the base of the fractured reservoir. The AVO responses for model 1 and model 2 in gas-saturated homogeneous fractured reservoirs are shown in Figure 1 , which are generated by 3-D finite difference modeling with 10% crack density. Isotropic background parameters in Model 1 are taken from laboratory measurements (Teng and Mavko, 1996) ; model 2 parameters are taken from a class 1 gas sand example (Rutherford and Williams, 1989) . Modell has smaller property contrasts in the background medium than model 2. The parameters of background rocks and fractures for both models are listed in Table 1 .
In this section, frequency dependent signal signatures estimated by the frequency est.imator from 3-D synthet.ic waveforms in crack normal and strike directions are used to quant.ify t.he scattering charact.eristics for model 1 and model 2. Time domain characteristics, such as peak-t.o-peak amplitudes and traveltimes, can be directly obt.ained from synt.hetic seismograms. Travelt.imes are determined by finding t.he time of the P-wave amplitude's first peak on the synthetic seismograms. The traveltimes are measured to the accuracy of a time step in t h" finite difference simulations.
3-D Finite Difference Applied to Models 1 and 2
Most theoretical studies of seismic scattering are based on the first Born approximation and generalized Born approximation. which states that. only single scattering occurs and that scattering losses from the primary wave can be neglected (Chernov 1960; Charrette, 1991; Coates and Charrette. 1993 ). This approximation is valid only for weakly scattering media. The finit.e difference method has been applied to study seismic wave scattering in random media (Richards and Menke, 1983; Clayton, 1984, 1986; Ikelle et al.. 1993) . The advantage in using this method is that it produces synthetic seismograms for any point on the grid, it is accurate over a wide range of scattering regimes, and all wave types (direct wave, reflection wave, multiply scattered 5-5 waves, converted waves, etc.) are included.
The 3-D time domain, staggered grid finite difference method is used to obtain accurate seismograms. This method has fourth-order accuracy in space and secondorder accuracy in time (Cheng et aI., 1995) . Intrinsic attenuation is not included in these simulations. Effective medium and Hudson's crack models have been used in elastic tensor inversion, which has been studied in detail (Shen et aI., 1997) . For simplicity, the fractured reservoir is assumed to have shale both above and below. Seismograms in crack normal and strike directions are considered. There are 41 traces in each direction and the maximum offset is approximated to a 30 degree incident angle. An explosion source is used, and the dominant frequency of the source wavelet is 45 Hz. The physical model and source receiver configurations are shown in Figure 2 . All edges of the grid have absorbing boundary conditions to suppress artificial reflections.
For statistically homogeneous-aligned fractures, velocity anisotropy is spatially uniform. Heterogeneity due to spatial variations of fracture density could result in spatial variations of velocity anisotropy. For stochastic modeling to be practical, the fracture density field is modeled as a spatially stationary Gaussian random field. The Von Karman correlation function is used to model heterogeneity in the fracture density, which is specified by the function describing its amplitude, orientation, characteristic wave numbers and its roughness number. The properties of the Von Karman correlation function have been described by Goff and Jordan (1988) in detail. For our simulation to be simple and practical, we assume that fracture density does not vary with depth. For each model, we construct three heterogeneous fracture density realizations, which have the same characteristic wave number value, 0.0032, in the y direction and different characteristic wave number values, 0.08, 0.032 and 0.0128, in the x direction. The roughness number is 0.8. Figure 3 shows three fracture density realizations. Finite difference simulations are used to generate synthetic seismograms in heterogeneous fractured reservoirs with different fracture density realizations. Figures 4a, b, and c show an example of vertical component synthetic seismograms in model 2 in the crack normal direction. The source coordinate in the x-y plane locates at grid point (50,50). \Vaveforms within time windows are used in parameter estimations, which correspond to reflections from the top and the base of gas saturated fractured reservoirs.
Scattering Characteristics in Fractured Reservoir Model 1
Scattering at the top of the reservoir In modell, the azimuthal AVO response from the top of the fractured reservoir is larger than that at the reservoir base due to the difference in incident angles. The highest gradient of AVO is in the crack normal direction. Figure 5 shows the power spectral image versus offset and frequency, estimated from seismograms at the top of heterogeneous fractured reservoirs in the crack normal direction. Each reservoir has a mean of 5% and a 5% standard deviation in crack density, but each has different fracture density realization. The spectral image obtained in the crack strike direction is shown in 5-6 ( the same diagram for comparison. Some major features are worth noting. In both crack normal and strike directions, signals distribute mainly at the dominant source frequency. Estimated signal power spectra decrease with increase in offset. The energy decay rate in each heterogeneous fractured sandstone normal direction is larger than that in the crack strike direction: However, in the crack normal direction, the normalized power spectra variations with offset do not show visible differences in the three heterogeneous fractured reservoirs. In addition to the power spectrum varying with offset, the signal frequency also shows some offset-dependent characteristics. With the increase in offset, frequencies of power spectral peaks (signal frequencies) in the crack normal direction shift toward a lower frequency range than those in the crack strike direction. Therefore, the presence of fractures tends to lower signal frequencies and enhance the signal power decay rate at the top of model 1 fractured reservoir.
It is also instructive to compare characteristics of power spectra obtained in the frequency domain with amplitudes obtained in the time domain. The spectral variations with offset obtained in the frequency domain are comparable and consistent with amplitude variations in the time domain. The amplitude variation gradient obtained in the crack normal direction is larger than that in crack strike direction (with 0 crack density) (Figure 6a ). Normalized peak to peak amplitudes obtained in the crack normal direction from three heterogeneous fracture reservoirs do not show observable differences ( Figure  6a ). Note also that, to the first order approximation, amplitude variations with offset obtained from heterogeneous fracture reservoirs are the same as AVO responses from the homogeneous fractured reservoir with 5% crack density. Considering the first order effects of fracture heterogeneity, neither the power spectra nor the amplitudes show the spatial fracture heterogeneity at the top of the fractured reservoirs. Also, signal power (amplitude) variations with offset are dominated by velocity anisotropy of mean crack density field. Another attribute obtained only in the time domain is the traveltime azimuthal variation (Figure 6b ). There is no traveltime azimuthal variation because the presence of fractures only changes the reflectivity at the top of fractured reservoirs and because there is no velocity variation in the wave propagation paths.
Scattering at the base of the reservoir
The scattering characteristics of reflected waves at the base of fractured reservoirs differ from those at the top of fracture reservoirs not only in the frequency domain but also in the time domain. Variations in incident angles and fracture density result in velocity fluctuations. In addition to the reflectivity variations due to fractures, the velocity variations are also imposed on transmission and reflection processes. Because oblique incident waves have been transmitted downward through the fractured medium to its base and then reflected and retransmitted back up, effects associated with scattering strongly influence the reflected waves.
The spectral image, estimated from seismograms reflected from the base of the fractured reservoir, is shown in Figure 7 . In the crack strike direction, observable signals distribute around the dominant source frequency. In the crack normal direction, how-5-7 ever, higher frequency signals are visible and major signals distribute at the dominant source frequency. The secondary signal modes are most noticeable in the reservoir with the shortest correlation length of the fracture density realization. As mentioned above, the estimated number of spectral peaks by the frequency estimator represents the number of signals. The signal locations in the frequency range indicate the signal frequencies. We infer from our results that the presence of secondary signal modes in the higher frequency range can be attributed to wave scattering by fracture heterogeneity. Larger fracture density variations give rise to larger velocity variations. Therefore, the shortest correlation length of the spatial variations of fracture density tends to enhance the strength of the scattering field at the base of fractured reservoirs. Normalized power spectra at the source frequency in the crack normal direction show a larger fluctuation along the offset than those in the crack strike direction. In addition, multiple waves exist in the propagation processes and thus would interfere with the fracture scattering field. Determining exactly how multiple scattering interferes with the scattering of the fracture field is beyond the scope of this paper.
Peak-to-peak amplitudes from the seismograms show that the effects of fracture heterogeneity are mOre observable at the base of the fractured reservoir than at the reservoir top (Figure 8a ) and that the shorter the correlation length in fracture heterogeneity, the larger the amplitude oscillation. This amplitude variation is consistent with those of spectra estimated in the frequency domain. Additionally, it is expected that traveltime fluctuations would occur at the reservoir base. Figure 8b shows that the traveltime difference is observed at the far offset.
Effects from scatter density vVe increase the scatter density by changing the mean of crack density from 5% to 10% and the standard deviation from 5% to 10%. The estimated power spectra from the reservoir top are shown in Figure 9 . Compared with results in Figure 5 , the signal energy decay with offset becomes increasiugl)' rapid from the middle to the far offset. The decrease of signal frequencies with offset is more observable in the far offset where the fracture effect becomes greatest. To illustrate thest' variations clearly, the normalized spectral peaks and signal frequencies. var)'ing with offset, are shown in Figures lOa and lOb. Results in lOa indicate t.hat. t.he normalized spect.ral peaks decrease to 40% in the crack normal direct.ion and 60% in til<' crack st.rike direct.ion. These results are comparable with the normalized peak-to-peak amplit.udes obtained in a homogeneous fracture model with 10% crack densit.y (Figure 1 ). It. can be found that, with the increase of the scatter density, scattering characteristics become more and more observable.
The power spectrum image from the reservoir base also shows some differences (Figure 11 ). More and more secondary modes of higher frequency signals are generated in the fractured reservoir normal direct.ion. The energy of these secondary modes still is strongest in the heterogeneous fract.ure reservoir with shortest correlation length in the fract.ure density field. Power spect.ra at. the source frequency, in the crack normal direction, decrease with offset. more quickly t.han those in crack strike direction.
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Normalized amplitudes in the time domain still show similar oscillation patterns to those shown in Figure 6 , but with larger amplitude decay rates. This similarity is expected because the realizations of the fracture heterogeneity are kept the same. Traveltime shows larger azimuthal variation due to the increase of fracture density. It is shown by comparison that scattering characteristics by fractures become more obvious with increasing scatter density.
The scattering characteristics in model 1 show: (1) at the top of the fractured reservoir reflected waves are characterized by lower frequency signal power; and (2) reflected waves at the base of the fractured reservoirs are characterized ·by the presence of secondary modes of high frequency signals.
Scattering Characteristics in Fractured Reservoir Model 2
Model 2 has different azimuthal AVO variations from model 1. Its Azimuthal AVO variations are only observable at the base of the reservoir. Normalized AVO has the highest decay rate in crack strike direction. Figure 12 shows the estimated power spectral image versus offset and frequency at the top of the fractured reservoir in the crack normal and strike directions. Signals distribute mainly at the source frequency in both directions. Normalized power spectra show almost identical azimuthal variations with offset. Signal frequency variations with offset do not show a detectable difference in the two directions. The decay rates of normalized amplitudes obtained in the time domain are consistent with those of spectral peaks estimated in the frequency domain. Neither signal power (amplitude) nor frequency show observable wave scattering characteristics by fractures at the top of the reservoirs in model 2.
At the base of the fractured reservoirs, signals distribute mainly around the source frequency ( Figure 13 ). Azimuthal spectral variations can be observed at the base of the reservoir. The rate of decrease of spectral peaks with offset is greatest in the crack strike direction. The variation gradients of normalized power spectra and peak-topeak amplitudes along the offset are comparable to each other. The heterogeneity of the fracture density field is barely detectable either from the spectra estimated in the frequency domain or from peak-to-peak amplitudes in the time domain.
Again, we increase the mean crack density to 10% with a 10% standard deviation. As in the case with 5% mean crack density, there is no azimuthal difference at the top of the heterogeneous fractured reservoirs either in the normalized power spectrum or in the signal frequency. The power spectrum image at the base of reservoir is shown in Figure 14 . Signals at far offset are more centered around the source frequency. The energy decay rate in the crack normal direction becomes gentler than that in the case of 5% mean crack density. Note that in this model there are no secondary mode signals in the spectral image with the increase of scatter density. Normalized amplitudes in the time domain do not show noticeable differences at the base of the three heterogeneous fractured reservoirs. The traveltime for 10% crack density has larger azimuthal variations than that of 5% (Figure 15 ).
Results from model 2 show that, at the top of fractured reservoirs, the effect of fractures is undetectable either in the time domain or in the frequency domain. At the base of fractured reservoirs, the strength of the scattering field becomes stronger, but only the azimuthal power spectrum and amplitude variations and azimuthal traveltime show the effect of fractures. The heterogeneity of the fracture density field is not revealed by scattering characteristics.
The different scattering characteristics between model 1 and model 2 can be attributed to the properties of the background media. Owing to the smaller property contrasts in the background medium, the wave scattering by fractures are more noticeable in model 1 than in model 2. In modell, both the signal energy and signal frequency indicate the different scattering characteristics by fractures at the top and the base of reservoirs. However, only the signal energy is effected by fractures in model 2. The effect of background medium is comparable with previous studies (Shen et aI., 1997) .
CONCLUSIONS
The purpose of this paper is to study the scattering characteristics from seismic waves reflected at the top and the base of fractured reservoirs and to extract useful attributes related to fracture properties physical processes. To obtain accurate seismic waveforms from fractured media, we use a 3-D finite difference scheme. Although some theories (for example signal scattering theories) can give explicit relationships between the model parameters and observed seismograms, their application in complicated physical models is limited.
The higher resolution signal estimation technique, multiple signal classification method known as the frequency estimator, has been applied to seismic waveforms to estimate the number of signals, the frequency location of signals, and the strength of signals.
\Ale may draw four conclusions from the set of examples presented above. The first conclusion is that seismic wave scattering characteristics in heterogeneous fractured reservoirs can be studied with the coherent part of the seismic reflected waves, and these characteristics are offset dependent.
The second of these conclusions is that properties of the background medium dominate the scattering characteristics in heterogeneous fractured reservoirs. Owing to smaller contrasts of background properties, model 1 has a stronger scattering field. Signal frequency and power at the top and base of fractured reservoirs show specific scattering characteristics. However, model 2 has a weak scattering field, and only the signal power at the base of the reservoirs shows the effect of fractures on wave scattering.
The third conclusion is that the scattering field at the top of the fractured reservoir is weaker than that at the base. At the top of reservoirs, fractures only change the P-wave reflectivity, signals are characterized by low frequency and there are no visible azimuthal traveltime variations. At the reservoir base, in addition to P-wave reflectivity variations, velocity fluctuations exist in the wave transmission and reflection processes. The presence of secondary, higher frequency signals is characteristic of a strong scat-
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( l tering field. Azimuthal traveltime variations are observable at the base of fractured reservoirs. Both at the top and at the base of fractured reservoirs, the azimuthal power spectral variation is comparable with azimuthal amplitude response.
The fourth conclusion is that wave scattering at the top of fractured reservoirs is insensitive to fracture heterogeneity. The scattering characteristics are comparable with properties of homogeneously fractured reservoirs with the same mean crack density. Fracture heterogeneity has a larger effect on the scattering field at the base of fractured reservoirs. The strength of the scattering field at the base of a fractured reservoir is inversely proportional to the correlation length of the fracture density field, and proportional to the scatter (fracture) density.
APPENDIX SIGNAL PARAMETER ESTIMATION Frequency Estimators
Seismic signals can be described as the convolution ofreflection sequence {ad with the wavelet Wi(t), exp (j27rjiT) exp(j27r j iPT)
The signal matrix will have the eigendecomposition. It can be shown that a matrix of dimension P + 1 with rank 111 < P + 1 will have P -111 + 1 zero eigenvalues. The A1 largest eigenvectors correspond to the signal terms and P + 1 -lvI smallest are orthogonal to all of the signal direction vectors. Thus the signal autocorrelation matrix can been written as
The alternative expression of the identity matrix in terms of orthogonal eigenvectors is
R" can be written in the form of 
=0
This propert.y forms the basis of the noise subspace frequency estimators.
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Model Order Selection
Because the best choice for the number of signals is not generally known a priOri, in practice it is usually necessary to estimate the model order M based on some theoretical criteria to make the M close to the actual value. M DL order selection criteria, expanded by Wax and Kailath (1985) and by Wax and Ziskind (1989) , are used to handle the subspace separation problem. Assuming Ao > A1 >, ... , Ap are eigenvalues of the autocorrelation matrix Rand M < P, where M is the number of signals (model order),
and N is the number of data samples,
P-M 2::i=M+l Ai 2
The number of signals is determined as the value of M {a, 1, 2, ... ,P} for which M DL is minimized. Johnson and DeGraaf (1982) study the sensitivity of multiple signal classification and the eigenvector algorithm through simulations. Their results indicate that the eigenvector algorithm estimator is less sensitive to the choice of M and produces fewer spurious peaks than multiple signal classification estimators for a given choice of order P. This low sensitivity is due to the use of inverse eigenvalues weighting. This estimator also tends to shape the noise spectrum better than multiple signal classification.
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Normalized Amplitudes vs. Offset On The Top Of Reservoirs (modeI1, 5%)
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